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This paper describes the development of an efficient and accurate dynamic hysteresis model that
combines the Cauer circuit representations with the play model. The physical meaning of the
standard Cauer circuit is discussed and is used to derive a mathematical representation of hysteretic
inductors. The iron-loss and hysteresis loops of silicon steel that were obtained using the proposed
model agree with experimental data measured under sinusoidal and pulse width modulation excita-
tions.VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4907692]
I. INTRODUCTION
Pulse width modulation (PWM) excitation is commonly
used for motor drive control. The high frequency components
caused by PWM waveforms induce complex dynamic hyste-
retic magnetic fields in iron cores, where minor hysteresis loops
and eddy-current fields with thin skin-depth are significant.
Several homogenization methods1–3 have been proposed
for the efficient analysis of laminated iron cores while avoid-
ing finite-element division along the stacking directions of
the steel sheets. However, accurate evaluation of the eddy-
current field in a steel sheet with nonlinear magnetic proper-
ties is not easy without the use of sub-analysis methods,1,3
including integral computation along the stacking direction.
A linear eddy-current theory is used to derive the standard
and physical Cauer circuit representations4,5 of the frequency-
dependent properties of magnetic thin sheets, and these repre-
sentations realize an accurate frequency response while using
fewer elements than the series and parallel Foster circuit rep-
resentations.4 While the standard Cauer circuit is derived
directly from the linear theory, the physical Cauer circuit also
has been studied for the nonlinear magnetic properties model-
ing2,5–7 because its physical meaning is clear. However, to
describe nonlinear magnetic properties, the physical Cauer cir-
cuit requires more inductive elements than expected from the
linear circuit, even after circuit optimization.7
From discussion of the physical meaning of the standard
Cauer circuit, this study develops simple and efficient circuit
representations to describe the dynamic hysteretic properties
of silicon steel sheets. The representation accuracy of the pro-
posed method is evaluated by comparison with experimental
data measured under sinusoidal and PWM excitations.
II. CAUER REPRESENTATION
A. Linear theory
From linear eddy-current theory for magnetic thin
sheets, the relationship between the average magnetic flux
density B and the surface magnetic field H along the sheet is
given as













where k ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃjxrlp , x is the angular frequency, l is the per-
meability, r is the conductivity, and d is the sheet thickness.
By expanding tanðkd=2Þ or tanhðjkd=2Þ, the relation
given by (1) can be represented by an infinite resistor-induc-
tor (RL) ladder circuit4,5 as shown in Fig. 1, where dB=dt, H,
l, and 4=rd2 are replaced by the terminal voltage v, the termi-
nal current i, the inductance L, and the resistance R, respec-
tively. This circuit is called the standard Cauer circuit. By
truncating the standard Cauer circuit as shown in Fig. 2, it can
be converted equivalently to another type of RL ladder circuit
as shown in Fig. 3. This is called the physical Cauer circuit
because the ratio of the inductances corresponds to the nonuni-
form physical division3–7 of the half thickness of d / 2.
B. Representation of hysteretic property
The static property of the standard Cauer circuit is given
as U1 ¼ Li1 ¼ Li. Accordingly, when the static magnetic
property of a steel sheet has its nonlinearity represented by
H ¼ hDCðBÞ, the inductor L is replaced by the relationship
i1 ¼ hDCðU1Þ. In the physical Cauer circuit, the k-th inductor
L=ak can be replaced by the relationship ik ¼ hDCðakUkÞ,
because L=ak corresponds to the magnetic flux passing
through 1=ak of the sheet thickness. From a simple
FIG. 1. Infinite RL ladder circuit.a)Electronic mail: tmatsuo@kuee.kyoto-u.ac.jp.
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interpretation based on similarity, the k-th inductor L=ð4k  3Þ
in the standard Cauer circuit may be replaced by the relation-
ship shown in (3), as follows:
ik ¼ hDCðð4k  3ÞUkÞ: (3)
On the other hand, the second inductor L/5 in the stand-
ard Cauer circuit can be physically interpreted as shown
below. The standard Cauer circuit, when truncated only with
L and 3R, represents the classical eddy-current theory, and
gives the relationship H ¼ hDCðBÞ þ ðrd2=12ÞðdB=dtÞ.
Similar to classical eddy-current theory, the current i2 is
given approximately by ðdU1=dtÞ=ð3RÞ for the low fre-
quency field, which is regarded as the eddy-current induced
by the flux change dU1=dt. On this basis, the magnetic flux
U2 that corresponds to L/5 is regarded as the secondary flux
generated by the induced current i2.
The explanation above is supported by the homogeniza-
tion method in Ref. 3. It represents the magnetic flux density
FIG. 2. Standard Cauer circuit: (a) inductive termination and (b) resistive
termination.
FIG. 3. Physical Cauer circuit: (a) corresponding to Fig. 2(a) and (b) corre-
sponding to Fig. 2(b).
FIG. 4. Variation of i-U loop.
FIG. 5. Iron losses under sinusoidal excitation: (a) standard Cauer circuit with Eq. (3); (b) standard Cauer circuit with Eq. (10); (c) physical Cauer circuit; and
(d) FEM.
FIG. 6. BH loops under sinusoidal excitation: (a) standard Cauer circuit with Eq. (3); (b) standard Cauer circuit with Eq. (10); (c) physical Cauer circuit; and
(d) FEM.
TABLE I. PWM waveforms list (fC¼ 2, 5, 10 kHz).
Modulation factor Bmax[T] Full/half-bridge
No. 1 0.5 1.3 Full-bridge
No. 2 Half-bridge
No. 3 0.66 Full-bridge
No. 4 Half-bridge
No. 5 0.8 1.57 Full-bridge
No. 6 Half-bridge
No. 7 1.05 Full-bridge
No. 8 Half-bridge
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distribution along the thickness direction z ðd=2  z
 d=2Þ by a polynomial expansion as follows:
Bðz; tÞ ¼ a0ðzÞB0ðtÞ þ a2ðzÞB2ðtÞ þ    ; (4)
a0ðzÞ ¼ 1; a2ðzÞ ¼ 1=2þ 6ðz=dÞ2;…: (5)
In the linear case with permeability l, B0 and B2 are gov-
erned by3


























where all components of a higher order than B2 are
neglected. By replacing B0, B2/5, l, and 4=ðrd2Þ with U1,
U2, L, and R, respectively, (6) can be rewritten as























which gives the circuit equation for the standard Cauer-
circuit shown in Fig. 2(b). The uniformly distributed mag-
netic flux density B0 induces an eddy-current that is distrib-
uted linearly along the z-direction, which yields the
parabolically distributed B2. This relationship corresponds to
the relationship between U1 and U2.
U2 can thus be regarded as a correction of the magnetic
flux to U1. When the correction is small and hDC is not hyste-
retic, then the approximation below holds:
hDC U1 þ DUð Þ ’ hDC U1ð Þ þ dhDC U1ð Þ
dU1
DU: (8)
However, when hDC is a hysteretic function, the small varia-
tion DU changes the hysteresis loop in the manner shown in
Fig. 4. Both the variation DU1 at t¼ t1 and the variation DU0
at the past time t¼ t0 affect the hysteretic output of i at t¼ t1
as follows:
Di ’ @hDC U1ð Þ
@U1
DU1 þ @hDC U1ð Þ
@U0
DU0: (9)
Rather than use @hDCðU1Þ=@U0, this study evaluates Di
directly using the finite difference hDCðU1 þ DUÞ  hDCðU1Þ.
TABLE II. Iron loss under PWM excitation.
Carrier frequency 5 kHz 2 kHz 10 kHz
Modulation factor 0.5 Modulation factor 0.8
Average error [%] Average error [%] Average error [%]
1.30T 0.66 T 1.57 T 1.05 T
Full Half Full Half Full Half Full Half
Measured [J/m3] 161.8 82.9 592.5 280.0 222.6 170.5 559.2 401.6
Standard Cauer w/Eq. (3) [J/m3] 156.3 83.0 517.5 272.7 221.8 173.3 516.3 403.6 3.50 0.60 2.86
Standard Cauer w/Eq. (10) [J/m3] 163.3 83.9 584.4 289.0 229.8 175.3 550.6 412.3 1.98 0.65 1.15
Physical Cauer [J/m3] 160.6 82.8 597.9 286.3 227.4 174.6 554.5 411.7 1.94 1.48 0.49
FEM [J/m3] 160.6 83.1 590.6 286.3 227.2 174.8 550.5 412.0 1.63 1.06 0.67
FIG. 7. BH loops under PWM excitation: (a) standard Cauer circuit with Eq. (3); (b) standard Cauer circuit with Eq. (10); (c) physical Cauer circuit; and (d)
FEM.
FIG. 8. Average evaluation error of iron losses given by four models: (a)
standard Cauer circuit with Eq. (3); (b) standard Cauer circuit with Eq. (10);
(c) physical Cauer circuit; and (d) FEM.
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Consequently, the inductor L/5 in the standard Cauer circuit is
replaced by the relationship
i2 ¼ 5½hDCðU1 þ U2Þ  hDCðU1Þ= ; (10)
where  is a constant and hDC is affected by the history of U1
and U1 þ U2.
III. COMPUTATION RESULT
The magnetic properties of a non-oriented (NO) silicon
steel sheet (JIS: 35A300) were measured under sinusoidal and
PWM excitations. The thickness d of the steel sheet was
0.35mm; the conductivity r was 1.92 106S/m. The dynamic
hysteretic property was then simulated using the standard
Cauer circuit shown in Fig. 2(b) with Eq. (3) or Eq. (10) and
¼ 1, and using the physical Cauer circuit in Fig. 3(b). The
anomalous eddy-current loss is taken into account by multi-
plying the conductivity by the anomaly factor k¼ 1.41 to
adjust the simulated eddy-current loss to match the measured
loss at 50Hz. In this study, the static property hDCðBÞ is repre-
sented by the play model8 with input B. For comparison, a 1D
finite-element eddy-current analysis was carried out by divid-
ing the half thickness of d/2 into ten uniform elements.
A. Sinusoidal excitation
Figure 5 shows the computed iron loss per cycle under
sinusoidal excitation at frequencies of 50, 100, and 200Hz.
The physical Cauer circuit and the finite element method
(FEM) overestimate the iron loss at 200Hz, whereas the
standard Cauer circuit with Eq. (3) underestimates the loss.
Figure 6 depicts the BH loops at 200Hz, where the physical
Cauer circuit yields a larger H than the measured data when
B is small. The standard Cauer circuit with Eq. (10) obtains
accurate iron losses and BH loops.
B. PWM excitation
Several PWM waveforms are listed in Table I and these
waveforms are examined for excitation at the fundamental
frequency of 50Hz.
Figure 7 plots the BH loops for PWM waveform 1 with
a carrier frequency ðfCÞ of 5 kHz. Use of the standard Cauer
circuit with Eq. (3) results in smaller minor hysteresis loops,
whereas use of the other methods obtains accurate represen-
tations. Table II compares the computed iron losses caused
by the waveforms in Table I. Figure 8 shows the average
evaluation error of the iron loss given by the four models
with fC¼ 5 kHz. As a result, the standard Cauer circuit with
Eq. (10) achieves an accurate representation for both sinusoi-
dal and PWM excitations. Figure 9 portrays the BH loops for
PWM waveform 1 with fC¼ 2 kHz and 10 kHz, PWM wave-
form 2 with fC¼ 2 kHz, and waveform 5 with fC¼ 5 kHz
obtained using the standard Cauer circuit with Eq. (10),
where the simulated loops all agree with the measured loops.
IV. CONCLUSION
Based on a discussion of the physical meaning of the
standard Cauer circuit, a finite-difference representation of a
hysteretic inductor is derived to describe the dynamic hyste-
retic properties of silicon steel sheets. The proposed standard
Cauer circuit representation obtains accurate iron losses and
BH loops under both sinusoidal and PWM excitations.
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